Abstract. In this paper, we study some classes of spaces determined by closure-like operators [·]s, [·]c and [·] k etc. which are wider than the class of Fréchet-Urysohn spaces or the class of sequential spaces and related spaces. We first introduce a WADS space which is a generalization of a sequential space. We show that X is a WADS and k-space iff X is sequential and every WADS space is C-closed and obtained that every WADS and countably compact space is sequential as a corollary. We also show that every WAP and countably compact space is countably sequential and obtain that every WACP and countably compact space is sequential as a corollary. And we show that every WAP and weakly kspace is countably sequential and obtain that X is a WACP and weakly k-space iff X is sequential as a corollary.
Introduction
All spaces considered here are assumed to be infinite and T 2 . Our terminology is standard and follows [19] .
Let us recall some definitions. A space X is Fréchet-Urysohn [2] (also called Fréchet [8] or closure sequential [19] ) iff for each subset A of X and each x ∈ A \ A, there exists a sequence {x n } n∈N of points of A which converges to x. X is sequential [8] iff for each nonclosed subset A of X, there exist x ∈ A \ A and a sequence {x n } n∈N of points of A such that {x n } n∈N converges to x in X. X has countable tightness [2] (also called closure countable [19] or c-space [17] ) iff for each subset A of X and each x ∈ A, there exists a countable subset C of A such that x ∈ C. X is a k-space [1] iff for each subset A of X, A = {x ∈ X | x ∈ A ∩ K K for some compact subset K of X} implies A = A, where A ∩ K K is the closure of A ∩ K in the subspace K of X.
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It is well-known that every first countable space is Fréchet-Urysohn, every Fréchet-Urysohn space is sequential and every sequential space is a k-space having countable tightness.
Many topologists have studied on spaces mentioned above and relationships among the spaces. In particular, A. V. Arhangel'skii and D. N. Stavrova characterized these spaces [1, 4] and A. Bella, V. V. Tkachuk and I. V. Yaschenko discussed the relationships among these spaces and AP or WAP spaces [5, 6, 18] .
The purpose of this paper is to study some classes of spaces determined by closure-like operators [·] s , [·] c and [·] k etc. which are wider than the class of Fréchet-Urysohn spaces or the class of sequential spaces and related spaces.
We first introduce a WADS space which is a generalization of a sequential space and prove that X is a WADS and k-space iff X is sequential and every WADS space is C-closed and obtained that every WADS and countably compact space is sequential as a corollary. We also show that every WAP and countably compact space is countably sequential and obtain that every WACP and countably compact space is sequential as a corollary.
Next, we introduce kq-spaces, kq 1 -spaces, sc-spaces and sc 1 -spaces which are generalizations of Fréchet-Urysohn spaces and sequential spaces and determined
We show that X is a kq-and k-space(a kq 1 -and k 1 -space) iff X is sequential(resp. Fréchet-Urysohn). And we show that every sc-space is countably sequential and X is an sc-space(an sc 1 -space) having countable tightness iff X is sequential(resp. Fréchet-Urysohn).
Finally, we introduce spaces having weakly countable tightness and weakly k-spaces which are generalizations of spaces having countable tightness and kspaces, respectively and determined by [·] 
We show that every weakly k-space having countable tightness is a k-space and every WAP and weakly k-space is countably sequential and obtain that X is a WACP and weakly k-space iff X is sequential as a corollary.
Moreover, we show that if X has countable tightness(or X is an AP space) and for each countable subset C of X, C is compact, then for each subset A of
, then X is a weakly k-space having weakly countable tightness.
Results
Recall well-known operators [·] s and [·] c from the power set ℘(X) of X into ℘(X) itself defined as follows: for each subset A of a space X,
[A] s = {x ∈ X | {x n } n∈N converges to x for some sequence {x n } n∈N of points of A}, and
[A] c = {x ∈ X | x ∈ C for some countable subset C of A}.
It is obvious that for each subset
[A] k = {x ∈ X | x ∈ A ∩ K for some compact subset K of X}, and
[A] k = {x ∈ X| there exists a subset K of A such that x ∈ K and K is compact in X}.
We begin by showing the relation among
It is easy to check that for each subset A of a space X, Recall that a space X is a k 1 -space [1, 4] iff for each subset A of X, the set {x ∈ X | x ∈ A ∩ K for some compact subset K of X} is closed in X; i.e., for each subset
Every k 1 -space is obviously a k-space, but the converse is not true in general [1] .
From the facts above, it is obvious that every Fréchet-Urysohn space is a k 1 -space and every k 1 -space is a k-space.
Recall that a space X is AP (standing for Approximation by Points) [6, 9, 15] (also called Whyburn [16] 
for some subset B of A}. X is WAP (standing for Weak Approximation by Points) [6, 9, 15] (also called weakly Whyburn [16] ) iff for each subset A of X, A = [A] AP implies A = A. X is WACP (standing for Weak Approximation by Countable Points) [9] iff for each subset A of X,
It is not difficult to see that every closed subspace of a WACP space is WACP, every WACP space is a WAP space having countable tightness. Every sequential space is WACP and every AP space is WAP, but the converses are not true in general [9, 18] .
In [18, Coro 2.3] , the authors proved that X is an AP and k-space iff X is Fréchet-Urysohn.
From the following example, we see that a WAP and k-space need not be sequential, in general.
Example 2.2. The space of ordinals X = [0, ω 1 ], where ω 1 is the first uncountable ordinal, is compact Hausdorff but not sequential [9] . Since X is compact, clearly, X is a k-space. Note that every scattered space(i.e., every subspace of the space has an isolated point) is WAP [18, Thm 2.7] . It is well-known that X is scattered. Thus, X is a WAP and k-space, but not sequential.
We recall that a space X is discretely generated [7] iff for each subset A of X and each x ∈ A, there exists a discrete subset D of A such that x ∈ D. X is weakly discretely generated [7] iff for each non-closed subset A of X, there exist x ∈ A \ A and a discrete subset D of A such that x ∈ D. Using the following operator [·] DG defined by for each subset A of a space X, [A] DG = {x ∈ X | x ∈ D for some discrete subset D of A}, we have that a space X is discretely generated(weakly discretely generated) iff for each subset A of X,
Let us introduce a generalization of a sequential space.
It is clear that every sequential space is WADS, every weakly discretely generated AP space is WADS and every WADS space is WAP and weakly discretely generated.
From example below, we have that a WADS space is neither WACP nor sequential, in general.
Example 2.4. Let X = {z} ∪ R, where R is the set of real numbers with z ∈ R. We define a topology τ on X by for each x ∈ R, {x} ∈ τ and z ∈ U ∈ τ iff R \ U is countable. Then X is Hausdorff, but X is neither WACP nor sequential and z is a unique non-isolated point in X[9, Exam 1.1(2)]. We now show that X is a WADS space. Let A be a subset of X and z ∈ A \ A. Then, clearly, A = A ∪ {z} and so A ⊂ R. It follows that A is uncountable and discrete, and hence X is WADS.
We now study some properties of sequential spaces, k-spaces, WAP spaces, WACP spaces and WADS spaces and relationships among these spaces.
Theorem 2.5. X is a WADS and k-space iff X is sequential.
Proof. Let
U in X such that y ∈ U and {y n } n∈N is not eventually in U . Hence we can construct a subsequence {y φ(n) } n∈N of {y n } n∈N such that y φ(n) ∈ U for all n ∈ N . Since D is compact and so countably compact, {y φ(n) } n∈N has an accumulation point y 0 in D. Since D is discrete and D = D ∪ {y}, we have easily that y = y 0 . Thus, since y 0 (= y) is an accumulation point of {y φ(n) } n∈N , U ∩ {y φ(n) |n ∈ N } = ∅. This is a contradiction.
The converse is trivial.
Recall that a space X is C -closed [10, 13] iff every countably compact subset of X is closed.
It is well-known that every sequential space is C-closed and every subspace of a C-closed space is C-closed [13] . In [10, Thm 2.11], the author proved that every weakly discretely generated AP space is C-closed.
We now give a generalization of the above result of [10] .
Theorem 2.6. Every WADS space is C-closed.
Proof. Suppose that there exists a non-closed countably compact subset A of a WADS space X. Then, since X is WADS, there exist x ∈ A \ A and a discrete subset D of A such that D = D ∪ {x}. Let {x n } n∈N be a sequence of distinct points of D. Then since A is countably compact, {x n } n∈N has an accumulation point x 0 in A. Since D is discrete and D = D ∪ {x}, we have clearly that x = x 0 and so x ∈ A. This is a contradiction.
Clearly every weakly discretely generated AP space is WADS. From Thm 2.6, we obtain directly the following corollary and hence we omit the proof.
Corollary 2.7.
[10] Every weakly discretely generated AP space is C-closed.
In [10] , the author showed that every countably compact WAP and C-closed space is sequential. From Thm 2.6, we have immediately the following corollary and hence we omit the proof. From the example below, we have that a weakly discretely generated WAP space need not be WADS, in general.
Example 2.9. The space X in Exam 2.2 is WAP and compact Hausdorff, but it is not sequential. Since X is compact and not sequential, by Coro 2.8, X is not WADS. In [7, Prop 4 .1], the authors showed that every compact space is weakly discretely generated. Thus, X is weakly discretely generated and WAP, but not WADS.
We recall that a space X is countably sequential [12] iff for each non-closed countable subset C of X, there exist x ∈ C \ C and a sequence {x n } n∈N of points of C such that {x n } n∈N converges to x; i.e., for each countable subset
It is clear that every sequential space is countably sequential. Every WACP and countably sequential space is sequential [12, Thm 2.7] .
We give some sufficient conditions for a space X to be countably sequential. Proof. Let A be a countable subset of a WAP and countably compact space X with A \ A = ∅. Since X is WAP, there exist x ∈ A \ A and a subset C of A such that C = C ∪ {x}. Since X is countably compact and C is countable, C is compact. It is well-known that every countable, locally compact and T 3 space is second countable [19, p.88] . It follows that C is first countable. Thus, there exists a sequence {x n } n∈N of points of C such that {x n } n∈N converges to x. Therefore X is countably sequential.
From Thm 2.10, we have the following corollary.
Corollary 2.11. Every WACP and countably compact is sequential.
Proof. Let X be a WACP and countably compact space. Then, by Thm 2.10, X is countably sequential. By [12, Thm 2.7] , X is sequential.
Remark 2.12. In [9] , the author raised a question "Is every WACP and countably compact(or compact) space sequential?" From Coro 2.11, we obtain that the answer for this question is affirmative.
We now introduce some generalizations of a sequential space and a Fréchet-Urysohn space and study on properties of these spaces and relations among the spaces and related spaces. It is easy to check that every Fréchet-Urysohn space is a kq 1 -space, every sequential space is a kq-space and every kq 1 -space is a kq-space. It is clear that every sc 1 -space is an sc-space, every sequential space is an sc-space and every Frećhet-Urysohn space is an sc 1 -space. Theorem 2.14. (1) X is a kq-and k-space iff X is sequential.
(2) X is a kq 1 -and k 1 -space iff X is Fréchet-Urysohn.
It is obvious that every k 1 -and kq-space is sequential and every k-and kq 1 -space is sequential.
From Thm 2.14, we obtain the following corollary.
Corollary 2.15.
(1) Let X be a k-space. Then, X is WADS iff X is a kq-space.
(2) Let X be a k 1 -space. Then, X is AP iff X is a kq 1 -space.
Proof.
(1) From Thms 2.5 and 2.14(1), it follows.
(2) From [18, Coro 2.3], we have clearly that X is an AP and k 1 -space iff X is Fréchet-Urysohn. Thus, by Thm 2.14(2), it holds.
We now study relations among sc-spaces, sc 1 -spaces, sequential spaces, Frećhet-Urysohn spaces and countably sequential spaces. Theorem 2.16. Every sc-space is countably sequential.
Proof. Let C be a countable subset of an sc-space X with
Theorem 2.17. (1) X is an sc-space having countable tightness iff X is sequential.
(2) X is an sc 1 -space having countable tightness iff X is Fréchet-Urysohn.
Proof. The converse is trivial.
Next, we introduce generalizations of a space having countable tightness and a k-space and give some properties of the spaces and related spaces. It is obvious that every space having countable tightness has weakly countable tightness, every k-space is a weakly k-space, every kq-space has weakly countable tightness and every sc-space is a weakly k-space.
In [11, Exam 2.15] , the author showed that a space having weakly countable tightness need not have countable tightness in general.
For the space X, in Exam 2.4, we have that every countable subset C of X is closed and hence for each subset A of X, A = [A] c . Thus, X is a weakly k-space. Note that only finite subsets of X are compact. Hence, z ∈ [R] k ; i.e., R = [R] k . But, R = X. Thus, X is not a k-space. Therefore, we know that a weakly k-space need not be a k-space, in general.
From the following example, we have that a space having countable tightness need not be a weakly k-space in general. (2) Every weakly k-space having countable tightness is a k-space. (3) Every sc-space having weakly countable tightness is a kq-space. (4) Every kq-and weakly k-space is an sc-space.
Theorem 2.21. Every WAP and weakly k-space is countably sequential.
Proof. Let C be a countable subset of a WAP and weakly k-space X with C \ C = ∅. Since X is WAP, there exist x ∈ C \ C and a subset B of C such
Hence there exists a subset K ⊂ B such that x ∈ K and K is compact. Since B is countable and K ⊂ B, K is also countable. By the similar argument of the proof of Thm 2.10, K is first countable. Thus, there exists a sequence {x n } n∈N of points of K such that {x n } n∈N converges to x. Therefore X is countably sequential.
From Thm 2.21, we have the following corollaries.
Corollary 2.22. X is a WACP and weakly k-space iff X is sequential.
Proof. Since every WACP space is WAP, from Thm 2.21, we have that every WACP and weakly k-space is countably sequential. Note that every WACP and countably sequential space is sequential [12, Thm 2.7] . It follows that every WACP and weakly k-space is sequential. The converse is trivial.
From Coro 2.22, we have immediately the following corollary.
Corollary 2.23.
(1) X is a WACP and k-space iff X is sequential.
(2) Let X be a k-space. Then, X is WACP iff X is WADS iff X is a kq-space.
Proof. Finally, we study on some properties of a space X satisfying the following property: for each subset A of X,
It is obvious that every Fréchet-Urysohn space, every kq 1 -and sc 1 -space, and every k 1 -space having countable tightness have the property above. 
